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Abstract
Cosmic rays are a form of high-energy radiation 
moving at relativistic speeds consisting primarily of 
protons, the nuclei of elements (primarily hydrogen 
and helium, but also heavier elements), alongside a 
small fraction of electrons. The Fermi Acceleration 
mechanism is one that posits that cosmic rays can 
be accelerated to high energies by repeated 
scattering through magnetic clouds that also inhabit 
the interstellar regions of the galaxy. In my research, 
work is being done to create a more stable 
mathematical grounding of these hypotheses as I 
create and analyze statistical mechanics of various 
mechanisms incorporated within.
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Future Work
This work has been done with the goal of creating a 
link between Second Order Fermi Acceleration and 
Chaotic Adiabatic Dynamics, the 1994 Ph.D. topic of 
Christopher Jarzynski of UC Berkeley. Chaotic 
Adiabatic Dynamics (CAD) refers to the study of 
adiabatically closed systems exhibiting chaotic 
evolution under slowly time-dependent motion 
equations. 

Goals
The ultimate goal is to be able to mathematically 
account for the existence of cosmic rays. In order to 
do so, specific characteristics must be accounted for 
in any given model.

1. The energy spectrum of cosmic rays takes the 
form of a power law,

𝑑𝑁 𝐸 ∝ 𝐸−𝑥𝑑𝐸
where 𝑥 = 2.5 − 2.7 at energies ~ 1 − 103 𝐺𝑒𝑉

2. The acceleration of cosmic rays to energy levels 
on the magnitude of 𝐸 ~ 1020 𝑒𝑉, 𝑜𝑟
approximately 16 joules.

Methodology
The primary methodology of research is in the 
realm of statistical mechanics – the use of 
probability theory to determine the average 
behavior of a mechanical system. Additionally, a 
combination of theoretical physics and applied 
mathematics has been used.

Statistical Mechanic: 
Particle Collision Probability

Goal: Display a proportionality between rate of 
particle collisions and relative velocity

𝑃 𝑡 = 𝑡ℎ𝑒 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑎 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑠𝑢𝑟𝑣𝑖𝑣𝑒𝑠 𝑡𝑖𝑚𝑒 𝑡

𝑤 𝑑𝑡 = 𝑡ℎ𝑒 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑎 𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒 𝑠𝑢𝑓𝑓𝑒𝑟𝑠
𝑎 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡𝑖𝑚𝑒 𝑡 𝑎𝑛𝑑 𝑡 + 𝑑𝑡

→ 𝑃 𝑡 + 𝑑𝑡 = 𝑃 𝑡 1 − 𝑤 𝑑𝑡
→ 𝑃 𝑡 = 𝑒−𝑤𝑡

𝜏 =  𝑡 =
1

𝑤
, 𝑡he average time betwen collisions

𝑙 𝑣 = 𝑣𝜏 𝑣 , 𝑤ℎ𝑒𝑟𝑒 𝑙 𝑖𝑠 𝑡ℎ𝑒 𝑚𝑒𝑎𝑛 𝑓𝑟𝑒𝑒 𝑝𝑎𝑡ℎ

By analyzing the total scattering cross section of the 
particles, it can be shown that

𝑤 = 𝜏−1 =  𝑉𝜎0𝑛, 𝑤ℎ𝑒𝑟𝑒 𝑉 = 𝑣1 − 𝑣2

Thus, 𝑤 ∝ 𝑉𝑟𝑒𝑣

Second Order Fermi Acceleration
Before the analysis of the statistical mechanics, I began by 
rigorously analyzing the derivation of Fermi’s second order 
acceleration method. The principal of the method is that 
charged particles are statistically able to gain energy through 
repeated reflections with electromagnetic clouds in 
interstellar space. 

Derivation
During derivation, the assumption is made that the velocity 
of the particles is approximately equal to the speed of light; 
as a result, operations must be made utilizing relativistic 
motion equations.
Assume the existence of a particle with energy 𝐸 and 
velocity 𝑣 that exists within the reference frame of an 
electromagnetic cloud moving with velocity 𝑉

In this reference frame, particle energy is:     𝐸′ = 𝛾𝐸 + Β𝛾𝑝𝜇
Particle relativistic three-momentum,       𝑝𝑥

′ = 𝛽𝛾𝐸 + 𝛾𝑝𝜇

With these assumptions, we can determine the final energy 
in the lab frame to be:

𝐸′′ = 𝛾𝐸′ + 𝛽𝛾𝑝𝑥
′ = 𝛾2𝐸 1 + 𝛽2 + 2𝛽𝜇

𝑝

𝐸

Based on the relativistic kinematics, it is known that:
𝑝

𝐸
=
𝑚0𝑣𝛾

𝑚0𝛾
= 𝑣, 𝑡ℎ𝑒 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑒𝑠𝑠 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦

Simplifying these two equations together, 
𝐸′′ − 𝐸

𝐸
= 𝛾2 1 + 2𝛽𝑣𝜇 + 𝛽2 − 1

After taking the limit of non-relativistic clouds (𝑔 → 1),
𝐸′′ − 𝐸

𝐸
≈ 2𝛽2 + 2𝛽𝑣𝜇

The scattering probability along a direction is proportional to 
the relative velocity in that direction:

𝑃 𝜇 = 𝐴𝑣𝑟𝑒𝑙 =
𝐴 𝛽𝜇 + 𝑣

1 + 𝑣𝛽𝜇
→𝑣→1

≈ 𝐴(1 + 𝛽𝜇)
Δ𝐸

𝐸
=  

−1

1

𝑃 𝜇 𝑑𝜇(2𝛽2 + 2𝛽𝜇)

=  8 3𝛽
2

=  8 3
𝑉

𝐶

2
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